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4.3 The Method of Undetermined Coefficients

A. The Method. '

. We now consider the (nonhomogeneous) differential equation
dn— 1 y
a0 T dxmi

where the coefficients ao, a1, . . . , a» are constants but where the nonhomogeneous term
F is (in general) a nonconstant function of x. Recall that the general solution of (4. 23)‘
may be written

(4.23) Y | g

+:+ a,,_ ~ -+ ay = F(x),

Y=Y+ ¥

where y. is the complementary function, that is, the general solution of the corresponding
homogeneous equation (Equation (4.23) with F replaced by 0), and y, is a particular
~ integral, that is, any solution of (4.23) containing no arbitrary constants. In Section 4.2
- we learned how to find the complementary function; now we consider methods of deter-
mining a particular integral.

We consider first the method of undetermined coefficients. Mathcmatlcally speaking,
the class of functions F to which this method applies is actually quite restricted; but this
mathematically narrow class includes functions of frequent occurrence and considerable
importance in various physical applications. And this method has one distinct advantage
— when it does apply, it is relatively simple!

We first introduce certain preliminary definitions

' DEFINITION. We shall call a function a UC function if it is
either (1) a function defined by one of the following:
(i) x», where n is a positive integer or zero.
- (ii) eex, where a is a constant = 0.
(iii) sin (bx + c), where b and c are constants, b = 0.
@iv) cos (bx + c), where b and ¢ are constants, b = 0. 4
or (2) a function defined as a finite product of two or mqre functions of these four types.

The method of undetermined coefficients applies when the nonhomogeneous function
F in the differential equation is a finite linear combination of UC functions. Observe
that given a U C function f, each successive derivative of fis either itself a constant multiple
of a UC function or else a linear combination of U C functions.

" DEFINITION. Consider a UC function f. The set of functions consisting of f itself and
- all linearly independent U C functions of which the successive derivatives of f are either
constant multiples or linear combinations will be called the UC set of f.

Example 4.27. The function f defined for all real x by fOx) =x3isa UC functlon
Computing derivatives of f, we find :

I f(x) = 3x2, f "(x) = 6x, f "x) =6 =6-1,
f@x) =0 for n>3.
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The linearly independent UC functions of which the successive derivatives of f are either
constant multiples or linear combinations are those given by

. x2, X, 1.
Thus the UC set of x3 is the set § = {x3, x2, x, 1}.

Example 4.28. The function f defined for all real x by f(x) = sin2x is 2 UC function.
Computing denvatlves of f, we find

f'(X) = 2cos2x,  f"(x) = —dsin2x, ....
“The only linearly indepe_ndent UC function of which the successive derivatives of f are

‘constant multiples or linear combinations is that given by cos2x. Thus the UC set of
sin2x is the sét S = {sin2x, cos2x}.

Example 4.29. The function f defined for all real x by f(x) = x2sinx is the product
of the two U C functions defined by x2 and sinx. Hence fis itself a ucC functxon Com-
puting derivatives of f, we find .

[ ’(x) = 2xsinx + xzcosx,
S"'(x) = 2sinx + 4xcosx — x2sinx,
© f!""(x) = 6cosx — 6xsinx — x2cosx,

No “new” types of functions will occur from further differentiation. Each derivative of
f is a linear combination: of certain of the six UC functions given by xZsinx, x%cosx,
xsinx, Xcosx; smx, and cosx. Thus the set

S = {x%inx, x2cosx, xsinx, xcosx,  sinx, cosx}
is the UC set of xZsinx. ‘

We now outline the method of undetermmed coefficients for ﬁndlng a partlcular
integral y, of

d—ly
dxn1
where F is a finite linear combmatxon v

F Ay + Azauz ++ + Amlinm

of UC functions uy, 42, ... , tm, the A, being known constants. Assuming the com-
plementary function y. has already been obtamed we proceed as follows:
(1) For each: of the UC functxons : s

u],..-,um

aog:}-,-l-al

+--+ a.._n > 4 ay = F(x),

of which Fisa hnear combination, form the eorrespondmg UC set thus obtaining the
respectlve sets

Si, Sz, Yy Sme

2 Suppose that one of the UC sets so formed, say S, is identical with or completely
included in another, say Si. ‘In this case, we omit the (1dent1cal or smaller) set S
from further consideration (retaining the set Sk).
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(3) We now consider in turn each of the UC sets which still remain after step (2). Sup-
pose now that one of these UC sets, say S}, includes one or more members which are
solutions of the corresponding homogeneous differential equation. If this is the case,
we multiply eack member of S; by the lowest positive integral power of x so that the re-
sulting revised set will contain no members which are solutions of the corresponding
homogeneous differential equation. We now replace S; by this revised set, so ob-
tained. Note that here we consider on¢ UC set at a time and perform the indicated
multiplication, if needed, only upon the members of the one UC set under con-
sideration at the moment.

(4) In genera] there now remains:

(i) certain of the original UC sets, which were nelther omitted in step (2) nor needed
revision in step (3), and ,
(i) certain revised sets resulting from the needed revision in step (3) :

.. Now form a linear combination of all of the elements of all of the sets of these two
categories, with unknown constant. coefficients (undetermined coefficients).

(5) Determine these unknown coefficients by substituting the linear combination formed
in step (4) into the differential equation and demanding that it identically satisfy
the differential equatxon (that is, that it be a pamcular solution).

Wc frankly admit that this outline of procedure may seem unnecessarily complxcated
Once it is understood, however, it frees one from the need of consxdenng separately

" all of the speclal cases whnch it covers.

B, Examples_ ' V - ’
A few illustrative examples, with reference to the above outline, should make the pro-

* cedure clear. Our first example will be a simple one in whlch the situations of steps (2) and

(3) do not occur.

Example 4.30. .
dy Ay o 10a
The corresponding homogeneous equation is
@y _ 9y
o dx —3y=0
and the complementary function is
Ve = c1€¥* + c2e™*. I

The nonhomogeneous term is the linear combination 2ex — 10sinx of thedwo ucC
functions given by ex and sinux.

(1) Form the UC set for each of these two functions. We find

= e},

Sz = {sinx, cosx}.

(2) Note that neither of these sets is identical with nor included in the other, hence both
are retamed
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(3) Furthermore, by examining the complementary function, we see that none of the
functions e, sinx, cosx in either of these sets is a solution of the corresponding
homogeneous equation. Hence neither set needs to bé revised.

(4) Thus the original sets S1 and S; remain intact in this problem, and we form the lmear
combination

Aex + Bsinx + Ccosx

of the three elements e‘r smx, cosx of S; and S, with the undetermined coefficients
A, B, C.

(5) We determine these unknown coefficients by substituting the lmear combxnatnon
formed in step (4) into the differential equation and demanding that it satisfy the
differential equation identically. That is, we take

¥y, = Aex + Bsinx + Ccosx

~as a particular éolution. Then
' ' v} = Ae* + Bcosx — .Csinx,
y¥ = Aex — Bsinx — Ccosx.

Actually substituting, we ﬁnd

[Aex — Bsinx — Ccosx] — 2[Ae* + Bcosx - Csmx] - 3[Aex + Bsinx + Ccosx]
= 2ex — IOSmx

or
—4dex + (~4B + 2C)sinx + (=4C — 2B)cosx = 2 — 10sinx.

Equating coefficients of like terms, we obtain the equations S

~44 =2
—4B+2C=-10
—4C-2B=0.
From these equations, we find that
' 1
4=-3
B=2"
C=-1,
and hence we obtain the particular integral
Y= ’-—leﬂr <+ 2sinx — cosx.

2

Thus the general solution of the differential e(iuati,on under consideration is

y=y.+ Yp = c1e3x 3+ cre™x — —;-ex + 2sinx — cosx. A
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Exomple. 4.31.

?—x—g— —+2y— 2x2+e*+2xe*+4e3*
The correspondmg homogeneous cquatlon is
P
dx}; + 2y 0

and the complementary function is
' : » Ye - c1e* + cae2x,
The nonhomogeneous term is the linear combination
| 2x2 + ex + 2xex + 4=
of the four UC functions given by 32, ex, xex, and e3*.
(1) Form the UC set for each of; these functions. We have

S = (%2, x, 1},

Sz = {ex}:
= {xe*, ex}A’
S4 = {e3*}.

(2) We note that S; is completely mcluded in S3, so Sz is omitted from further con-
sideration, leavxng the 3 sets

= {x2,x, 1}, S3 = {xex, ex}, Su .= {83"]“

(3) We now observe that S3 = {xe*, ex} includes ex, which is included in the comple-
mentary function and so is a solution of the corresponding homogeneous differential
equatron Thus we multlply each member of S3 by x to obtain the revxsed family

{xzex xex},

whlch contains ho members whlch are solutions of the corresponding homogeneous
- equation. :
(4) Thus there remairt the original UC sets

= {x2, x, 1}
.and
Ss = {e3r}
and the revised set A _
= {xze*, xex}.
These contain the six elements A
x2, x, 1, e3x, x%ex, xe~.
We form the hnear combination
Ax?2 4 Bx + C + De3> + Exze* + Fxex

of these six elements.
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(5) Thus we take as our particular solution,

= Ax2 4+ Bx + C + De3~ + Ex2e‘ + Fxex.
From this, we have

yi= 24x + B + 3De3* + Ex 2ex + 2Exe* + Fxex + Fer,
Y¥ = 24 + 9De3x + Ex2%e* + 4Exex + 2Eex + Fxe~ + 2Fe~.

We substitute yp, ¥, 5 into thé differential eQuaﬁon for y, Z—y: %; respectively, to obtain

24 + 9De3x + Ex2ex + (4E + F)xex + (2E + 2F)ex
© — 3[24x + B + 3De3x + Ex2ex + (2E + F)xex -+ Fe*]
+ 2[Ax2 + Bx + C + De3* + Ex?e* + Fxe~] .

= 2x2 4 ex 4 2xex + 4¢3
(or 24 — 3B + 2C) + (2B — 64)x + 24x2 + 2De’x + (—2E)xex + (2E — Fex
. ' = 2x2 4 ex + 2xex + 4e3x

Equatmg coefficients of like terms we have

24 —3B+2C=0

2B — 64 =0

24 =2

l2p =14

—2E=12

lE-F=1

From this A = L, B =3, C=4, D=2, E = —1, F = —3, and so the particular in-
tegral is ' '

Yp = x2+43x + % + 2e3x — x2ex — 3xex.

The general solution is therefore

Y=Y+ ¥y = crer + c2ex + x2 4 33: + % + 2e3x — x2ex — 3xeX.‘
Example 4.32.

= 3x2 N '
, d cd + 3x2 4 4sinx — 2cosx.

The correspondmg homogeneous cquatlon is %; + = d 2 = 0 and the complemcntary
function is
A .
Ye = cr + €2x + c3sinx + cqcosx.
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The nonhomogeneous term is the linéar combination
. " 3x2 4 4sinx — 2cosx
of the three U C functions given by
’ x2, sinx, and cosx.
(1) Form the UC set for eacl,h of these t};ree functions. These sets are, respectively,
S1 = {x2, x, 1},
S2 = {sinx, cosx},
S3 = {cosx, sinx},

(2) Observe that Sz’ and S3 are identical and so we retain only one of them, léaving the
two sets ‘ ‘

S1 = {x2, x, 1}, Se¢ = {sinx, cosx}.
(3) Now observe that S1 = {x2, x, 1} includes 1 and x, which, as the complementary

function shows, are both solutions of the corresponding homogeneous differential
equation. Thus we multiply each member of the set S; by x2 to obtain the revised set

Si = {x4% x3, x2},
none of whose members are solutions of the homogeneous differential equation.
We observe that multiplication by x instead of x2 would not be sufficient, since the
resulting set would be {x3, x2, x}, which still includes the homogeneous solution x.
Turning to the set S, observe that both of its members, sinx and cosx, are also

solutions of the homogeneous differential equation. Hence we replace S2 by the
revised set :

4 = {xsinx, xcosx}.

(4) None of the original UC sets remain here. They have been replaced by the revised
sets S and S containing the five elements ~

x4, x3, x2, xsinx, xcosx.
We form a linear combination of these,
Ax“ + Bx? + Cx2 '+ Dxsinx -+ Excosx,

with undetermined coefficients 4, B, C, D, E.
(5) We now take this as our particular solution

yp = Ax* + Bx3 4 Cx2 + Dixsinx + Excosx.
Then
yp = 44Ax3 4 3Bx2 4 2Cx 4+ Dxcosx + Dsinx — Exsinx -+ Ecosx,
¥y = 124x2 4 6Bx + 2C — Dxsinx + 2Dcosx — Excosx — 2Esinx,
y5' = 24A4Ax + 6B — Dxcosx — 3Dsinx + Exsinx — 3Ecosx,
y¥ = 244 + Dxsinx — 4Dcosx - Excosx -+ 4Esinx.

. Substituting into the differential equation, we obtain
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244 4 Dxsinx — 4Dcosx + Excosx + 4Esinx + 124x2 4 6Bx + 2C Dxsinx
4 2Dcosx — Excosx — 2Esinx

= 3x2 4 4s1nx - 2cosx

Equating coefficients, we find -

244+ 2C =0~

6B=0

124 =3

-2D = -2
A 2E = 4.
Hence A = },B=0,C = —3, D = 1, E = 2, and the particular integral is

Vo= %x‘ — 3x2 + xsinx + 2xcosx.

The general solution is

¥ = ye+ yp = ¢1 + c2x + cssinx + cscosx + %x‘ — 3x2 + xsinx + 2xcosx.

Example 4.33. An Initial-Value Problem. We close this section by applying our”
results to the solution of the .initial-value problem

2
(4.24) 5-;‘5’ 22: 3y = 2er — 10sinx,
425 y(0) = 2
(4.26) ’ - YO = 4

" By Theorem 4.1, this problem has a- umque solutlon, deﬁned for all X, ~o < x < ©;
let us proceed to find it. In Example 4. 30 we found that the general solution of the dlf-
ferennal equatlon (4.24) is v :

42n y = c1e3* + cae™* — %ex +. 2s1nx — Ccosx.

From this, we have

dx

Applying the initial conditions (4.25) and (4.26) to Equations (4.27) and (4.28), respéctively,
we have

(4.28) A dy _ 3c1e3* — cae~* — }ex + 2cosx + sinx.

S

2= c1ed + cze® — %e° + 2sin0 — cos0.

4 = 3c1e0 — coed — %e" + 2c0s0.+ sin0.
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These equatnons simplify at once to the followmg

cx+cz=%

Dl

ey —c2 =
From these two equations we obtain
[ . . o . 1 = 2
Substituting these values for ¢1 and ¢3 into Eqﬁatid/n (4.27) we obtain the unique solution
of the.given initial-value problem in the form ’ :

y= %e” 4 2e7x — %ex -4 2sinx — cosx.

Exercises

Find the general solutlon of each of the differential equations in Exercises 1 through 17.

&2
1. dx{ 3— +2y = 4x.
2 dj 2:}; 8y = 4¢2x — 213,

T dx?
dzy dy . . — ‘
. —=4+2—+5y = 3
o -+ T + y = 6sin2x + 7§os2x
dy dy .
4. 22 4% =1 .
] + o +2y = Osm{x

's. +2 Y + 4y = cosdx.

6.—-+ Q-—% 10y=8xe“2*

7. + +3——5y=5sm2x+10x2—3x+7.

&y d%y dy Y |
8. 4—= —4—= = 3x3 — 8x.
— 5—+3y 3.? 8x.

9. dz"+‘-1¥—6y=10e2x—18e3x—6x—11.

L

10. o

4 + 4y = 4¢* — 18¢~>.



