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n #2-5

n@el= toPolar([x_] s=x/.a_- Abs[a] Exp[iArg[a]]
na7;= $Assumptions = {Im[b] = 0};
unperturbed hamiltonian, in atom position basis

0O -a 0 0 O -a
-a 0 -a 0 0 O
0 -a 0 -a 0 O
0O 0 -a 0 -a O
0O 0 0O -a 0 -a
-a 0 0 0 -a O

inzsi= h0 =

oupe= {{0, -a, 0, 0,0, -a}, {-a,0, -a, 0,0, 0}, {0, -a, 0, -a, 0, 0},
{0, 0, -a, 0, -a, 0}, {0, 0, 0, -a, 0, -a}, {-a, 0,0, 0, -3, 0}}

inas}= Eigenvalues[hO]
ouagl= {-2a, -a, -a, a, a, 2 a}

has degenerate eigenvalues, so need to find orthogonal eigenstates using the rotation operator

010000
001000
o= T = 000100
- "000O010
000O0O1
100000
ouao)= {{0, 1, O, 0, 0,0}, {0, 0, 1,0, 0,0}, {0, 0,0,1,0,0},
(0,0,0,0,1,0}, {0,0,0,0,0,1}, {1, 0,0, 0,0,0}}

check that h0 communtes with r

inf41)= hO.xr-r.h0 // Simplify

oupn= {{0, 0, 0, O, 0,0}, {0,0,0, 0,0,0}, {0,0,0, 0, 0, 0},
(0, 0,0,0,0,0}, {0,0,0,0,0,0}, {0,0,0,0, 0, 0}}

in42:= {rs, kets} = Eigensystem[r] // toPolar

2irm 2im i i

outia {{-1,1, €7 e 5 o3, en |y {t-1 1 -1 1o =11 (3 3 T Ly

2irn 2in _
{ea,e 3 ,1,e3 , e 3,1}, e 3 ,e: ,1,e: ,es 1

if 2im 2im if iﬂ 2im 2im ij
{es,es,-l,e 3, e 3,1},{@ 3, e 3,-1,e3,ea,1}}}

2inm 2inm 2irn 21w 2im 2irw
}e
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Inj43)= bras = Inverse[kets'] // Simplify // toPolar

1 1 1 1 1 1 1 1 1 1 1 1
Out(43]= {{_—l il 2t 2 Al "} {_ i 2l Al B "}I
6 6 6 6 6 6 6 6 6 6 6 6
1 2in 1 2in 1 1 _2im 1 2ix 1 1 2in 1 _2im 1 1 2ix 1 2in 1
{"e31_e3l—r—e31_‘931-}1{"‘331_‘33!"!“‘531—@-31_}:
6 6 6 6 6 6 6 6 6 6 6 6
1 __i_n 1 __Z_i_n 1 1 2ixw 1 in 1 1 in 1 2in 1 1 _Eﬂ 1 irn 1
{"eal—e3l'—r_e3r—e3!'_}r{"‘eal"e’l’—“r—e3!"6—31_}}
6 6 6 6 6 6 6 6 6 6 6 6

now we have an orthogonal basis to work with for perturbation theory
m44= es = Diagonal [bras.h. kets” // Simplify] // Chop
ouad= {2a, -2a,a, a, ~a, -a}

note that the (3rd and 4th), and (5th and 6th) pairs are degenerate

perturbation in atom basis

n4si= hl = -b

0000w o
CO0OO0OKr O
o0 o0Oo0owOo
©oOo0oo0oo0oo
OO0 o0o0o0OOo
©oo0oo0oo0o0o

ouasi= { {0, -b, 0,0, 0, 0}, {-b, 0, -b, 0, 0, 0}, {0, -b, 0, 0, 0, 0},
(0,0,0,0,0,0}, {0,0,0, 0,0,0}, {0,0,0,0,0,0}}

need to rewrite it in the basis of ho

nsy= hlp = bras.hl .kets' // simplify // MatrixForm

Out{46}/MalrixForm=

e 0 -2 (1+(—1)1/3)2b %1(“ 3)b -f;n(iuv

0 -z (1 (-1M3) e L (1-1v3 )b 2{a-iv
in(m 3)b -1—(1-1 3)b b “d(1e (-1 b 0
-1 (1x (-1)¥%)*b -2 (-1+ (-1)¥%)*p 3 (-1+ (-1)¥3) b 2 0
-1 (-1ntp 21+ (-1)%)b 0 0 2

Tlai(i+ 3)b %(1—11\/—3_)b 0 0 (1 (-1

now, because the 3rd and 4th, and (5th and 6th) pairs are degenerate, we have to treat them specially
take the 3rd&4th submatrix:

b 1

3 -3 (1+(-1)272) D

n[47y= a+ Eigenvalues[

3 (-1+(-1)%) b 2

Out[d47)= {a, a+ E;}
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now the 5 th and 6 th

b 1
-k -2 (-1+(-1)13) b
In[dgp= -a + Eigenvalues[ ) 3 2 3 ( . )
3 (e (D) "3
2b
oui8)= {-a, —a- —
{-a-a-—]
so the first order energy shifts, plotted, are
in[49]:= Plot[
2b 2b
Flatten|[{2a+2b/3, -2a-2b/3 —} -a, ~a-— . -
a en[{ a+ /3, a / ,{a,a+ 3 ,{ a, -a 3 }}]/ a-»1, {b, 1,1}]
|
OulAg) v e b e e e L
-1.0 -05 L 0.5 1.0

find the exact results

ns0)= Eigenvalues[hO+hl /. a- 1]

\/;4b+2b2—\/9+8b+20b2+16b3+4b4

Out[50)= {— 1,1, - ,

vz

\/5+4b+2b2—\/9+8b+20b2+16b3+4b4

Va2

r

5 1
|2 42b+b?+-1/9+8b+20b%?+16b%+4Db" ,
2 2

5 1
2 i 2b+b?+=9+8b+20b%+16b%+4Db }
2 2
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5= Show[Plot[%, {b, -1, 1}], %%]

out[51]=

so the results work pretty well out to about b=0.1 a. The answers would be substantially improved if we included the second

order shifts as well.

n #6

ao
ins2p= {evals, kets} = Eigensystem[o 0
00

0

o |

-a/2

Outfs2]= {{Or “‘zr a}l {{0, 1, 0}, {0, 0,1}, {1, 0, 0}}}

n53)= bras = Inverse[kets']
ougs3= {{0, 1, 0}, {0, 0, 1}, {1, 0, 0}}

0b o0

ins4:= V=Db 0 b; bras.V.kets™ // MatrixForm

0boO

QOul{54)//MalrixForm=
0bb
b 00
b 00

(bras[2] .V.kets[1])?2

(bras[3].V.kets[1])?
+

in[ss)= evals[1] +
evals[1] - evals[2]

b2
Oul[s5)= —
a

(bras[3].V.kets[2])?

(bras[1].V.kets[2])?2
+

// Simplify
evals[1] - evals[3]

njse)= evals[2] +
evals[2] - evals[3]

a 2b?
Out[58]= —— -—
2

a

// Simplify
evals[2] - evals[1l]



(bras[1].V.kets[3])2 (bras[2].V.kets[3])?
evals[3] - evals[1] ' evals[3] - evals[2]

nj57)= evals[3] +

b2
Quils7l= a + —
a

another way: define an effective second-order operator. First define an outer product
inse:= OP[ket_, bra_] := KroneckerProduct[{ket}", {bra}]
now do the general sum over intermediate states

OP [kets[m], bras[m] ]

e -evals[m]

Injs9):= G2 = Sum[v. .V, {m, 3}]

ouls9)= {{%2-, 0, —%2—}, {O, b* + abz , 0}, {_I_Jj, 0, b_z}}

neo}= evals + Table[bras[i] .G2.kets[[i]] /. e » evals[i]], {i, 3}] // Simplify

b? a 2b? b?
Outle0]= {—, - = ’ a+—}
a 2 a a

// Simplify

HW10m.nb |5




